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Abstract: In the present work, the mathematical modelling,
transformation and analysis are presented to investigate the
magnetohydrodynamic (MHD) ﬂow of a polymeric liquid, i.e.,
Maxwell ﬂuidic model, over an absorptive wall encapsulated
in a medium having porosity. The system model in the form of
partial diﬀerential equations (PDEs) for ﬂuid ﬂow is converted
to a corresponding ordinary diﬀerential equations (ODEs)-based
system through introduction of dimensionless quantities with
the help of appropriate similarity transformation procedures.
The velocity, temperature and concentration proﬁles of the
system are calculated for variations in diﬀerent prominent
physical parameters for upper convected Maxwell (UCM)
model including combined inﬂuences of energy and transfer of
mass together with chemical reception and heat generation or
absorption as well as Sherwood number, Nusselt number and
Deborah number. Lie group analysis was carried out for the
nonlinear governing equations and the absolute invariants were
found properly. Numerical, as well as analytical computing
techniques with the homotopy analysis method (HAM) were
utilised to verify and validate the correctness of the approximate
solutions for the coupled system. Analysis of the results with
exhaustive interpretation for each numerical and graphical
illustration further endorsed the eﬀectiveness and worth of
the solvers. The trend of ﬂuid ﬂow in terms of streamlines are
also presented to show the diﬀerence elaboratively between
hydromagnetic and hydrodynamic ﬂow situations.
Keywords: Heat generation/absorption, lie group analysis,
magnetic ﬁeld eﬀects, MHD, polymeric liquid.
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INTRODUCTION
It is generally acknowledged that non-Newtonian ﬂuid
behaviour (categorised by a nonlinear relation between
viscosity and strain) can be witnessed in several ordinary
and real life ﬂuids including blood, lubricants, paints,
foodstuﬀ (including ketchup, cream, cooking oil, butter,
etc.), polymers and chemicals. Distant from condensing
and retreating properties, some other rheological eﬀects
have been observed such as tangential and normal
stresses, relaxations and retardation time. Under these
features, researchers have proposed ﬂuid models in the
past few years. A survey of literature shows that the 1st,
2nd, 3rd and 4th grade diﬀerential type ﬂuids have been
discussed widely while the slightly non-Newtonian
Jeﬀery ﬂuid, Maxwell ﬂuid, Oldroyd and Burgers ﬂuids
are not exploited well as these models are suitable to
forecast the relaxation and retardation properties. Harris
(1977) proposed mathematical calculations of Maxwell
ﬂuid. Several mathematicians and physicists inspected
the Maxwell model with diﬀerent geometries and
Zierep and Fetecau (2007) studied dynamic equilibrium
equations of 3 Rayleigh-Stokes. They have considered
the Stokes problems and discussed the shear stress and
dissipation properties. Stability of Maxwell equations
have already been examined by Tan and Masuoka
(2007). The authors computed the eigenvalue problem,
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and Rayleigh eﬀects, wave eﬀect and frequency for
over-stability have been found. Renardy and Renardy
(2009) investigated linear solidity of homogeneous ﬂow
of the non-Newtonian (upper convected Maxwell) ﬂuid.
Kumari and Nath (2009) computed the non-Newtonian
upper-convected Maxwell (UCM) ﬂuid past a stagnation
point with inclusion of magnetohydrodynamic (MHD).
Authors have employed the order analysis to simplify
the equations and utilised the ﬁnite diﬀerence technique
for the solution computations. Mass transfer in UCM
ﬂuid ﬂow has been analysed by Hayat et al. (2011a).
Mathematical modelling for the MHD case has been
performed. A correction for MHD Maxwell ﬂuid model
equation is presented for the ﬁrst time in the literature and
chemical reaction for the generative and destructive case
has been investigated. Eﬀect of 3D ﬂow for UCM ﬂuidic
system over a bi-directionally surface with stretching
mechanism has been exploited by Hayat et al. (2011b).
Mathematical modelling for the three-dimensional case
for any rate type ﬂuid has been presented. Deborah eﬀect
has been analysed for the axisymmetric, two- and threedimensional ﬂow situations. Unsteady 3D non-Newtonian
UCM ﬂuid ﬂow past a smooth linear surface based on
linearly stretching in two directions has been presented
by Awais et al. (2014). They have modelled the ﬂow of
Maxwell ﬂuid for the unsteady case in three-dimensions.
Similarity transforms are utilised for simpliﬁcation and
analytical solver homotopy analysis method (HAM),
has been invoked for solution construction. Generally in
recent past, extensive research work has been conducted
to investigate the physical behaviour of ﬂuidic problems
(Shahid et al., 2018; Dehghani et al., 2019; Farooq et
al., 2019; Fiza et al., 2019; Khan et al., 2019; Kumar
et al., 2019; Yasmin et al., 2019; Yousif et al., 2019).
The objective of current investigation is to examine
the Lie group analysis of UCM ﬂuid ﬂow past an
absorptive surface with impact of heat and mass transfer.
Generative and destructive chemical receptions along
with heat generation or absorption eﬀects are taken into
consideration. Outcomes of the velocity, concentration
and temperature distribution are computed, and visual
representations of residual errors are displayed to show
the eﬃcacy of the results. Tabular description has also
been performed to show the convergence of the numeric
solutions and to present the analogy of obtained results
with the already available results in the limiting sense.
A graphical presentation has also been given which
describes the presentation of sundry measures on
velocity, concentration and temperature.
METHODOLOGY
Methodology is presented in two parts; problem
formulation with the help of mathematical formulation
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is represented in the ﬁrst part, while Lie group analysis is
represented in the second part.
Problem formulation
The properties of polymeric liquid with electrical
conduction past a ﬂat absorptive surface are assumed.
Equal forces but in opposite directions are incorporated
along with the horizontal axis in such a way that the
surface
is stretched. The magnetic eﬀect is along
the vertical axis. As shown in Figure 1 the temperature as
well as concentration of the ﬂuid at stretched surface with
their ambient values are Tw , Cw , T∞ and C∞ respectively.
The system model for the proposed ﬂuid ﬂow is given
as follows: (Hayat et al., 2011 a: b; Awais et al., 2016;
Saleem et al., 2017)

Figure 1: Schematic diagram of ﬂow domain

...(1)

...(2)

...(3)
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...(4)
Equation (1) represents law of conservation of mass, while
equation (2) is the law of conservation of momentum.
Equation (3) represents the law of conservation of energy
and equation (4) is the mass transfer equation.

where A is parameter ratio, M is Hartman number,
Pr represents Prandtl number, γ is chemical reaction
parameter, Sc stands for Schmidt number, hs is heat
source/sink eﬀects, β represents the Deborah number and
K stands for porosity parameter deﬁned by

The wall eﬀects are:
At the surface
,

...(12)
...(5)

away from the surace

Introducing

,

as

...(13)

Introducing

By substituting equation (13) into equations (8-11) gives
...(6)

...(14)
...(15)

Substitution of equation (6) into equations (1-5), gives

...(16)

...(7)

...(17)
...(8)

Lie analysis of the problem
Introducing

...(9)

...(10)

...(18)
Subsisting equation (18) into equations (14-17) gives

...(11)
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In diﬀerential form

...(27)
After simpliﬁcation, we get
...(19)
...(28)
Equations (19-22) give
...(20)
...(29)
...(30)
...(21)
...(31)
with wall eﬀects

...(22)
...(32)
Let

The uniformity of the ﬂuidic system is maintained under
, to get

For S ˂ 0 , S ˃ 0 represent injection or suction of the
system model
Here
are mathematical
expressions for local Nusselt and Sherwood numbers,
respectively for the proposed ﬂuidic system.
Solution methodology

...(23)
After solving we obtain

...(24)
Utilizing equation (24), the proposed transformations
curtails to

The set of equations (29-31) along with the boundary
condition given in equation (32) is still a mathematical
model and an exact solution does not exist due to the
high non-linearity of the proposed ﬂuidic model. For the
analytical solution of the proposed ﬂuidic system the
homotopy method (13-20) is used.
The following are functions to transform the system
...(33)
For velocity proﬁle

Using Taylor's method, we obtain

...(34)
...(26)
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and
...(35)
...(45)

For concentration proﬁle

...(36)

where
is the embedding parameter for the
proposed model.

In the case of HAM, the unique way for choosing the
initial approximation is as follows:

The boundary conditions will be transformed in the
following way:

Any function that satisﬁes the boundary condition can
be utilised as initial guess in HAM, but surely there are
number of functions which satisfy boundary conditions.
In that situation we have to choose the initial guess which
gives rapid convergence. The initial guess can be found
easily with the help of initial operator and boundary
conditions.
The initial approximations for velocity proﬁle ,
temperature proﬁle
and concentration proﬁle
are
presented as

...(46)
...(47)
...(48)
and the non-linear operators

and

are

...(37)
...(38)
...(39)
and the operators for the proposed system model are
given for
for velocity proﬁle

...(49)

...(40)

for temperature proﬁle

...(41)

for concentration proﬁle

...(42)

...(50)

and

...(51)
Zeroth order deformation for the proposed system model
are given by:

Zeroth-order deformation for the proposed ﬂuidic model
when p = 0,1. having solutions in the following forms:

For velocity proﬁle
, for velocity proﬁle
...(52)

...(43)
For temperature proﬁle

, for concentration proﬁle
...(44)
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for concentration proﬁle
...(54)

...(66)

Taylors series methodology is used for simpliﬁcation of
the ﬂuidic model

...(67)

for velocity proﬁle ...(55)

...(68)

for temperature proﬁle
...(56)

...(69)

and for concentration proﬁle

...(57)

...(58)

The proposed ﬂuidic system given in equations (55-57)
is convergent for p = 1 and expressed as
for ﬂuidic velocity

for temperature proﬁle

...(59)

RESULTS AND DISCUSSION
The ﬂuidic model presented in equations (29-31) with
the associated boundary condition given in equation (32)
are eminently nonlinear coupled diﬀerential equations
and their exact solution is very much stiﬀ. We employed
HAM (Liao, 2009; Awais et al., 2018 a, b; Jangili & Beg,
2018; Liu and Wang, 2018; Shirkhani et al., 2018; He et
al., 2019; Rana et al., 2019) for the solutions construction.
A MATHEMATICA code for HAM has been
developed in order to enumerate the solutions of system
model shown in equations (66-68) along with associated
boundary conditions mentioned in equation (69).
Table 1:

Convergence table

order

− f '' (0)

−φ' (0)

−θ' (0)

1
5
10
15
20
25
30
40
50

1.278240
1.582964
1.592620
1.592768
1.592793
1.592793
1.592793
1.592793
1.592793

1.260000
1.456694
1.461691
1.461741
1.461742
1.461742
1.461742
1.461742
1.461742

0.900000
0.777291
0.767614
0.768040
0.768041
0.768041
0.768041
0.768041
0.768041

...(60)

and
for concentration proﬁle ...(61)
The mth deformation for the system are
...(62)
...(63)
...(64)

...(65)
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The convergence of equations (29-31) depends upon
auxiliary parameters. Table 1 is arranged to show
the convergence analysis of the numerical values.
Convergent solutions upto the 6th decimal place are seen.
Figures 2 and 3 show the error of the given analysis.
Figure 2 shows the absolute error for K with velocity
proﬁle while Figure 3 depicts absolute error for M with
velocity proﬁle. It is clear from Figures 2 and 3 that error
in velocity proﬁle for various values of K and M is quite
negligible and it exist in the range of 10–07 to 10–09.
Journal of the National Science Foundation of Sri Lanka 48(4)
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It is evident from these graphs that the error in current
analysis is very much negligible. Tables 2 and 3 provide
a comparative performance of the present ﬁndings with

Figure 2: Error for variants of K with velocity proﬁle

Table 2:

Correlation of values of −φ'(0) when S = 0.5 = M = A,
K = 0.1, β = 0.0 and Sc =1.0

γ

0.5
1.0
1.5
2.0
3.0

−φ' (0)

the already available data. It is seen that the present
solution has an acceptable accord with published data
(Aﬁfy & Elgazery, 2012).

Figure 3: Error for variants of M with velocity proﬁle

Table 3:

hs

(Aﬁfy & Elgazery, 2012)

Present results

0.94833
1.12102
1.26868
1.39952
1.62733

0.94836
1.12102
1.23865
1.39978
1.62729

Streamlines for hydrodynamic and hydro magnetic ﬂow
situations are prescribed in Figures 4 and 5. These plots
depict that in both ﬂow situations, the streamlines are
quite diﬀerent. Two cases, i.e hydrodynamic (M = 0) and
hydromagnetic (M ≠ 0) are presented in this analysis.
For hydro-magnetic situation the ﬂuid is subjected to a
magnetic ﬁeld, which results in an increase in retarding
eﬀects that opposes the ﬂow. In order word eﬀects of
magnetic ﬁeld can be utilised as an agent in the ﬂuid to
control the ﬂow very accurately by varying the magnetic
ﬁeld intensity. This behaviour is portrayed in both graphs.
Graphical results (Figures 6–12) are portrayed
for diﬀerent sundry parameters including stagnation
point parameter A, Deborah number β, magnetic

Journal of the National Science Foundation of Sri Lanka 48(4)

-0.2
-0.1
0.0
0.1
0.2

Comparison of values of −θ'(0) when S = 0.5 =
M = A, K = 0.1, β = 0.0 and Pr =1.0

−θ' (0)
(Aﬁfy & Elgazery, 2012)
Present results
1.13883
1.08425
1.02659
0.96537
0.89961

1.13883
1.08425
1.02659
0.96537
0.89961

ﬁeld parameter M, injection/suction parameter S and
heat source/sink eﬀect hs and generative/destructive
parameter γ on the system. It is elucidated from Figure 6
that with an increment in A (0 ˂ A ˂1) , boundary layer
momentum and f ' increase and for A =1.0 , the thickness
of boundary layer vanishes because the stretching sheet
and free stream velocities are equal at A =1.0 . Moreover
for A ˃1.0 the free stream is larger as compared to
stretched velocity, which results in an area with high
viscosity impact. The Deborah number β’s signiﬁcant
impact on f ' is depicted in Figure 7. Large value of the
Deborah number results in the acceleration of momentum
boundary layer. It is observed that the layer of boundary
momentum and velocity decrease for larger values of
Deborah number β . Figures 8 and 9 present the inﬂuence

December 2020
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Figure 4: Streamlines for hydrodynamics situation

Figure 5: Streamlines for hydro-magnetics situation

Figure 6: Inﬂuence on velocity proﬁle by variation in A

Figure 7: Inﬂuence on velocity proﬁle by variation in Deborah
number

Figure 8:
December 2020

Variation of S on velocity for A < 1

Figure 9:

Inﬂuence of S on velocity for A > 1
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Figure 11: Impact of generative chemical reaction of concentration
proﬁle

< 0, we have the internal heat absorption eﬀect whereas
for hs > 0 we can predict the internal heat generation
phenomenon. For hs = 0, no heat generation/ absorption
can be studied.
The role of stochastic numerical computing paradigm
(Khan et al., 2015; Mehmood et al., 2018; Awan et al.,
2018, Raja et al., 2020, Sabir et al., 2020, Ahmad et al.,
2020, Umer et al., 2019, Munir et al., 2019) cannot
be denied as an alternate, accurate, reliable and robust
computational framework to be exploited in future
for solving ﬂuidic systems representing the model for
rheology of hydro-magnetic polymeric material with
heat generation/absorption and chemical reaction.
Figure 12: Eﬀects of calamitous chemical reaction of concentration

CONCLUSIONS

of suction/injection parameter S for A ˂ 1 and A ˃ 1,
respectively. For A ˂ 1(the stretching velocity dominants
over free stream velocity) the decrement in velocity ﬁeld
is observed with an with an increment in S whereas A ˃ 1
(mean free stream in dominant) results in an increment
in ﬂuidic system velocity proﬁle for greater values of S.
Moreover, it is also elucidated that A = 1, which results
in vanishing the momentum boundary layer. Figure 10 is
provided for the signiﬁcant impact of hs on temperature.
The variation of hs from −2 ˂ hs ˂ 2 is considered and
it is seen that the temperature proﬁle increased with an
increment in hs from −2 to 2. Figures 11 and 12 show the
properties of destructive/ generative reaction γ on φ . It is
observed that diﬀusion ﬁeld decreases for destructive (γ
˃ 0) and enhances for generative reaction (γ ˂ 0). hs is the
internal heat generation/ absorption phenomenon. For hs

The current investigation provides an understanding
for MHD ﬂow of UCM ﬂuid along with the absorptive
surface heated from below including chemical reaction
and heat generation or absorption. Lie group analysis
is performed and comparison tables are constructed to
validate the results available in the literature. The ﬁnal
outcomes of the investigations are listed as follows:
• Increase in Deborah number decelerates the ﬂuid ﬂow
and the boundary layer thickness.
• Magnetic ﬁeld controls the velocity of the ﬂuid very
eﬃciently.
• Increment in heat generation/absorption parameter
boosts up the temperature of the ﬂuid.
• Generative and destructive reactions have conﬂicting
eﬀects.
• Sherwood number enhances with γ whereas Nusselt
number decreases with hs.
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